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The disformal transformation of metric gµν → Ω
2(φ)gµν + Γ(φ,X)∂µφ∂νφ, where φ is a scalar
field with the kinetic energy X = ∂µφ∂
µφ/2, preserves the Lagrangian structure of Gleyzes-Langlois-
Piazza-Vernizzi (GLPV) theories (which is the minimum extension of Horndeski theories). In the
presence of matter, this transformation gives rise to a kinetic-type coupling between the scalar field φ
and matter. We consider the Einstein frame in which the second-order action of tensor perturbations
on the isotropic cosmological background is of the same form as that in General Relativity and
study the role of couplings at the levels of both background and linear perturbations. We show
that the effective gravitational potential felt by matter perturbations in the Einstein frame can be
conveniently expressed in terms of the sum of a General Relativistic contribution and couplings
induced by the modification of gravity. For the theories in which the transformed action belongs
to a class of Horndeski theories, there is no anisotropic stress between two gravitational potentials
in the Einstein frame due to a gravitational de-mixing. We propose a concrete dark energy model
encompassing Brans-Dicke theories as well as theories with the tensor propagation speed ct different
from 1. We clarify the correspondence between physical quantities in the Jordan/Einstein frames and
study the evolution of gravitational potentials and matter perturbations from the matter-dominated
epoch to today in both analytic and numerical approaches.
I. INTRODUCTION
The large-distance modification of gravity has been un-
der active study in connection to the dark energy prob-
lem [1, 2]. Modifications of the Einstein-Hilbert term
R/(16πG) in the Lagrangian of General Relativity (GR),
where R is the Ricci scalar and G is the Newton gravi-
tational constant, generally give rise to a radiative scalar
degree of freedom φ [3, 4]. Provided that the fifth force
mediated by this new degree of freedom is suppressed in
the solar system through Vainshtein [5] or chameleon [6]
mechanisms, the same scalar field can potentially be the
source for the late-time cosmic acceleration.
Horndeski theories [7] are known as the most general
scalar-tensor theories with one scalar degree of freedom
whose equations of motion are kept up to second-order
in time and spatial derivatives (see also Refs. [8]). Many
of dark energy models proposed in the literature– such
as f(R) gravity [9, 10], Brans-Dicke (BD) theory [11, 12],
kinetic braidings [13], and Galileons [14, 15]– belong to
a sub-class of Horndeski theories. In the presence of ad-
ditional matter, the authors in Ref. [16] derived linear
perturbation equations of motion on the flat Friedmann-
Lemaˆıtre-Robertson-Walker (FLRW) background to con-
front dark energy models in the framework of Horndeski
theories with the observations of large-scale structures,
weak lensing, and Cosmic Microwave Background (CMB)
(see also Refs. [17–22]).
In BD theories, a scalar degree of freedom φ is coupled
to the Ricci scalar R of the form φR [23]. The frame in
which matter fields are minimally coupled to the metric is
dubbed the Jordan frame (JF). The standard interpreta-
tion of measurements is usually performed in this frame.
In the JF of BD theories, the scalar field φ mediates a
fifth force with matter through its gravitational inter-
action with the metric. This interaction can be clearly
seen in the Einstein frame (EF) where the Lagrangian is
described by the Einstein-Hilbert term plus a canonical
scalar field [24–26]. In the EF, matter fields feel a metric
gµν conformally related to the EF metric gˆµν of the form
gˆµν = Ω
2(φ)gµν , where Ω(φ) is a conformal factor that
depends on φ [4, 6, 27].
For the theories in which field derivatives are cou-
pled to the metric, the conformal transformation can
be extended to a more general mapping of the metric–
dubbed the disformal transformation [28]. In fact, the
structure of the Lagrangian in Horndeski theories is
preserved under the so-called disformal transformation
gˆµν = Ω
2(φ)gµν + Γ(φ)∂µφ∂νφ, where Ω and Γ are func-
tions of φ [29, 30]. In the presence of matter fields,
the disformal transformation helps us to understand the
physical content of mixing between φ and matter [31–38].
Gleyzes, Langlois, Piazza, and Vernizzi (GLPV) [39]
proposed a generalized version of Horndeski theories by
expressing the Horndeski Lagrangian in terms of the
Arnowitt-Deser-Misner (ADM) decomposition of space-
time [40] with the choice of the unitary gauge. This gen-
erally generates derivatives higher than second order, but
there is only one radiative scalar degree of freedom on the
FLRW background [41, 42]. The Lagrangian structure of
GLPV theories is preserved under the disformal transfor-
mation of the form
gˆµν = Ω
2(φ)gµν + Γ(φ,X)∂µφ∂νφ , (1.1)
where Γ depends on φ and its kinetic energy X =
∂µφ∂
µφ/2 [43].
In the single field system, it was shown that the invari-
ance of curvature perturbations ζ and tensor perturba-
2tions γij holds under the disformal transformation (1.1)
[44–46] (see also Refs. [35, 47–50] for related works). For
appropriate choices of Ω and Γ, it is possible to trans-
form the action to that in the EF where the second-order
action of tensor perturbations is of the same form as that
in GR [44, 51, 52]. This property is useful for the com-
putation of primordial scalar and tensor power spectra
generated during inflation [44]. Since the leading-order
tensor power spectrum in GLPV theories is proportional
to the Hubble parameter squared Hˆ2 in the EF, the de-
tection of primordial gravitational waves can determine
the energy scale Hˆ during inflation.
In GLPV theories, even though matter is minimally
coupled to gravity in the JF, there is a mixture between
the propagation speeds of the scalar field φ and matter
[39, 53]. This comes from a kinetic-type mixing asso-
ciated with the presence of higher-order derivatives be-
yond the Horndeski domain, which is weighed by a pa-
rameter αH characterizing the deviation from Horndeski
theories [39, 54, 55]. The disformal transformation (1.1),
which contains higher-order derivatives, is helpful to un-
derstand the origin of such a kinetic mixing affecting the
scalar and matter sound speeds [43].
If the scalar degree of freedom φ in Horndeski theo-
ries is responsible for dark energy, the tensor propagation
speed ct is typically close to 1 during the early cosmolog-
ical epoch [56]. This is not the case for GLPV theories,
in which the deviation from ct = 1 is allowed due to the
absence of extra conditions Horndeski theories obey. Re-
cently, dark energy models with constant ct [55] and vary-
ing ct [56] have been proposed in the framework of GLPV
theories. In particular, the latter provides an interesting
possibility of realizing weak gravity for the perturbations
relevant to redshift-space distortions [57, 58].
In GLPV theories with ct different from 1, the dis-
formal transformation (1.1) to the EF should allow us
to understand the structure of the matter-scalar cou-
plings mentioned above. For the models proposed in
Refs. [55, 56] the anisotropy parameter η = −Φ/Ψ be-
tween two gravitational potentials Ψ and Φ deviates from
1 in the JF, but we will see that it is possible to de-mix
the gravitational potentials and the scalar field in such a
way that there is no anisotropic stress between Ψ and Φ
in the EF. Moreover, we will show that the effective grav-
itational coupling with matter can be well understood in
the EF due to the separation of a GR-like contribution
and modifications arising from αH.
In this paper we obtain relations of physical quanti-
ties between the JF and the EF under the disformal
transformation (1.1) and study roles of gravitational cou-
plings with matter at the levels of both background and
linear perturbations. A similar prescription was taken
in Ref. [38] with the disformal transformation gˆµν =
Ω2(φ)gµν +Γ(φ)∂µφ∂νφ, but our treatment is more gen-
eral in that it is not restricted to the transformation
between Horndeski theories alone. We employ the ap-
proach of effective field theory of cosmological perturba-
tions [59–66], allowing to encompass GLPV theories as
a specific case. We propose a new dark energy model in
the framework of GLPV theories, which accommodates
models with c2t 6= 1 as well as models based on BD the-
ories (which lead to “coupled quintessence” models [67]
in the EF).
Our paper is organized as follows. In Sec. II we briefly
review GLPV theories and in Sec. III we show how the
GLPV action is transformed under the disformal trans-
formation (1.1) in the presence of matter. In Sec. IV we
present linear perturbation equations of motion on the
flat FLRW background in both the JF and the EF. In
Sec. V we consider the transformation to the EF and
discuss the matter-scalar coupling in the EF. In Sec. VI
we propose a new dark energy model belonging to GLPV
theories and study the correspondence of physical quan-
tities between the JF and the EF in detail. Section VII
is devoted to conclusions.
II. GLPV THEORIES IN THE PRESENCE OF
MATTER
GLPV theories [39] are the generalizations of Horn-
deski theories written in terms of ADM scalar quantities
defined below [68]. We begin with the line element
ds2 = gµνdx
µdxν
= −N2dt2 + hij(dxi +N idt)(dxj +N jdt) , (2.1)
where N is the lapse function, N i is the shift vector,
and hij is the three-dimensional spatial metric. We
express the three-dimensional Ricci tensor on the con-
stant time hyper-surfaces Σt, as Rµν = (3)Rµν . The
extrinsic curvature is defined by Kµν = h
λ
µnν;λ, where
nµ = (−N, 0, 0, 0) is a unit vector orthogonal to Σt. We
introduce a number of geometric scalar quantities, as
K ≡ Kµµ , S ≡ KµνKµν ,
R ≡ Rµµ , U ≡ RµνKµν . (2.2)
Horndeski theories, which have one scalar degree of
freedom φ, can be reformulated by using the above geo-
metric scalars with the choice of unitary gauge
φ = φ(t) , (2.3)
under which φ depends on the cosmic time t alone. On
the flat FLRW background with the scale factor a(t), the
Lagrangian of Horndeski theories can be expressed in the
form [68]
L = A2(N, t) +A3(N, t)K
+A4(N, t)(K
2 − S) +B4(N, t)R
+A5(N, t)K3 +B5(N, t)
(
U − 1
2
KR
)
, (2.4)
where K3 ≡ K3 − 3KKµνKµν + 2KµνKµλKνλ, and Ai,
Bi are functions of N and t satisfying the two conditions
[39]
A4 = 2XB4,X −B4 , A5 = −1
3
XB5,X , (2.5)
3where Bi,X ≡ ∂Bi/∂X with X ≡ gµν∂µφ∂νφ. In the
unitary gauge we have X = −φ˙2(t)/N2, where a dot
represents a derivative with respect to t. Hence the de-
pendence on N and t translates to that on X and φ.
Violation of the conditions (2.5) can generally give rise
to derivatives higher than second order, but it was shown
in Refs. [39, 41, 42] that there is only one scalar propa-
gating degree of freedom on the flat FLRW background.
GLPV theories are described by the Lagrangian (2.4)
without having the two conditions (2.5). In this paper we
focus on GLPV theories in the presence of a matter field
Ψm described by the Lagrangian Lm. Then, we consider
the following action
S =
∫
d4x
√−g L(N,K,S,R,U ; t)
+
∫
d4x
√−g Lm(gµν ,Ψm) , (2.6)
where g is the determinant of metric gµν , and L is given
by Eq. (2.4). The matter field Ψm is assumed to be a
barotropic perfect fluid, which can be modeled by a k-
essence Lagrangian P (Y ) depending on the kinetic term
Y = gµν∂µχ∂νχ of a scalar field χ [54, 55, 69]. The term
K3 in Eq. (2.4) can be expressed as K3 = 3H(2H
2 −
2KH +K2−S) up to second order in the perturbations
[68], where H is the Hubble parameter defined later in
Eq. (4.1). Hence the Lagrangian (2.4) of GLPV theories
depends on N,K,S,R,U , and t up to linear order in the
perturbations.
We assume that, in the JF, the matter field Ψm is
minimally coupled to the metric gµν . The matter energy-
momentum tensor following from Lm is given by
T µν =
2√−g
δ(
√−g Lm)
δgµν
. (2.7)
We can derive the background and linear perturbation
equations of motion by varying the action (2.6) up to
first and second orders in the perturbations, respectively
[53, 68, 70].
III. DISFORMAL TRANSFORMATIONS
In this section we discuss how background/perturbed
quantities and the action (2.6) are mapped under the
disformal transformation (1.1).
A. Transformation of background and perturbed
quantities
In the unitary gauge (2.3), the line element dsˆ2 =
gˆµνdx
µdxν in the transformed frame reads [35, 44]
dsˆ2 = −Nˆ2dt2 + hˆij(dxi +N idt)(dxj +N jdt) , (3.1)
where
Nˆ = Nα , hˆij = Ω
2hij , (3.2)
with
α ≡
√
Ω2 + ΓX . (3.3)
In the JF, let us consider the linearly perturbed line
element on the flat FLRW background,
ds2 = −(N¯2 + 2A)dt2 + 2ψ|idtdxi
+a2(t)[(1 + 2ζ)δij + 2E|ij + γij ]dx
idxj , (3.4)
where N¯ is the background value of the lapse; A,ψ, ζ, E
are the scalar metric perturbations; γij is the tensor per-
turbation, and the lower index “|i” denotes the covariant
derivative with respect to the three-dimensional metric
hij . Comparing Eq. (2.1) with Eq. (3.4), we have the
relations 2A = N2 − hijN iN j − N¯2, ψ|i = hijN j , and
hij = a
2(t)
[
(1 + 2ζ)δij + 2E|ij + γij
]
. (3.5)
Introducing the scale factor aˆ(t) in the transformed
frame, as
aˆ(t) = Ω(t)a(t) , (3.6)
the three-dimensional metric hˆij in Eq. (3.2) reduces to
hˆij = aˆ
2(t)
[
(1 + 2ζˆ)δij + 2Eˆ|ij + γˆij
]
, (3.7)
where
ζˆ = ζ , Eˆ = E , γˆij = γij . (3.8)
In what follows we use an over-hat for quantities in the
transformed frame. From Eq. (3.8), the perturbations ζ,
E, and γij are invariant under the disformal transforma-
tion (1.1) [44]. From Eq. (3.2) and the relation Nˆ i = N i
we also obtain
ˆδN =
1
β¯
δN , ψˆ = Ω2ψ , (3.9)
where an over-bar represents background quantities, and
β ≡
√
Ω2 + ΓX
Ω2 −X2Γ,X . (3.10)
Since φ = φ(t) and X = −φ˙2(t)/N2 in the unitary gauge,
the quantities Γ and X in Eq. (3.10) contain the infor-
mation of perturbations through the lapse function N .
B. Transformation of the action
The disformal transformation of the action Sg =∫
d4x
√−g L, where L is the Lagrangian (2.4) of GLPV
theories, was already discussed in Refs. [43, 44]. First of
all, the volume element
√−g transforms as√
−gˆ = √−gΩ3α . (3.11)
4In the unitary gauge, the intrinsic and extrinsic curva-
tures obey the transformation laws
Rˆij = Rij , Kˆij = Ω
2
α
(
Kij +
ω
N
hij
)
, (3.12)
where
ω ≡ Ω˙
Ω
. (3.13)
The action in the transformed frame Sg =
∫
d4x
√−gˆLˆ
preserves the structure of original GLPV action, such
that
Lˆ = Aˆ2(Nˆ , t) + Aˆ3(Nˆ , t)Kˆ
+Aˆ4(Nˆ , t)(Kˆ
2 − Sˆ) + Bˆ4(Nˆ , t)Rˆ
+Aˆ5(Nˆ , t)Kˆ3 + Bˆ5(Nˆ , t)
(
Uˆ − 1
2
KˆRˆ
)
, (3.14)
where
Aˆ2 =
1
Ω3α
(
A2 − 3ω
N
A3 +
6ω2
N2
A4 − 6ω
3
N3
A5
)
, (3.15)
Aˆ3 =
1
Ω3
(
A3 − 4ω
N
A4 +
6ω2
N2
A5
)
, (3.16)
Aˆ4 =
α
Ω3
(
A4 − 3ω
N
A5
)
, (3.17)
Bˆ4 =
1
Ωα
(
B4 +
ω
2N
B5
)
, (3.18)
Aˆ5 =
α2
Ω3
A5, (3.19)
Bˆ5 =
1
Ω
B5 . (3.20)
The matter action in the transformed frame is given
by Sm =
∫
d4x
√−gˆ Lˆm, where
Lˆm =
1
Ω3α
Lm , (3.21)
where Lm depends on the JF metric gµν and the matter
field Ψm. By expressing gµν in terms of the metric gˆµν
in the transformed frame from Eq. (1.1), it contains the
contribution of φ and its derivative. Hence the scalar field
φ is (kinetically) coupled to matter in the transformed
frame.
From Eq. (2.7) the transformation law of Tµν is given
by
T µν =
√−gˆ√−g
δgˆγρ
δgµν
Tˆ γρ . (3.22)
On using Eqs. (1.1) and (3.11), it follows that [30]
T µν = Tˆ γρΩ3α
(
Ω2δµγ δ
ν
ρ − Γ,X∂µφ∂νφ∂γφ∂ρφ
)
. (3.23)
The transformed metric with upper indices is given by
gˆµν =
1
Ω2
(
gµν − Γ
α2
∂µφ∂νφ
)
. (3.24)
From Eqs. (3.23) and (3.24), the mixed energy-
momentum tensor obeys the transformation law:
T µλ = Tˆ
γ
σ Ωα
[
Ω2δµγ
(
δσλ −
Γ
α2
∂σφ∂λφ
)
−Ω
2Γ,X
α2
∂γφ∂
σφ∂λφ∂
µφ
]
. (3.25)
For the choice of the unitary gauge (2.3), we obtain the
relations
T 00 = Tˆ
0
0
Ω3
β
, T 0i = Tˆ
0
i Ω
3α , T ij = Tˆ
i
j Ω
3α . (3.26)
We decompose the energy-momentum tensor into the
background and perturbed parts, as T 00 = −ρ − δρ,
T 0i = ∂iδq, and T
i
j = (P + δP )δ
i
j , where T
0
i is a per-
turbed quantity itself. The background energy density ρ
and the pressure P are subject to the transformations
ρˆ =
β¯
Ω3
ρ , Pˆ =
1
Ω3α¯
P . (3.27)
For the linear perturbations, we have
δˆρ =
β¯
Ω3
δρ+
ν
Ω3
ρ δN , (3.28)
δˆq =
1
Ω3α¯
δq , (3.29)
ˆδP =
1
Ω3α¯
(δP − µP δN) , (3.30)
where
µ ≡ 1
α
∂α
∂N
∣∣∣∣
N=N¯
, ν ≡ ∂β
∂N
∣∣∣∣
N=N¯
. (3.31)
The quantity µ is related to α¯ and β¯, as
µN¯ =
1
α¯β¯
− 1 . (3.32)
In summary, the action in the transformed frame reads
S =
∫
d4x
√
−gˆ Lˆ(Nˆ , Kˆ, Sˆ, Rˆ, Uˆ ; t)
+
∫
d4x
√
−gˆ Lˆm(gˆµν(φ, ∂µφ),Ψm) , (3.33)
where Lˆ and Lˆm are given, respectively, by Eqs. (3.14)
and (3.21).
IV. EQUATIONS OF MOTION IN THE JF AND
THE TRANSFORMED FRAME
In this section we present linear perturbation equations
of motion on the flat FLRW background for the theo-
ries described by the action (2.6). We then study how
they are transformed under the disformal transformation
(1.1).
5A. Equations of motion in the JF
The equations of motion in the JF were already derived
in Refs. [43, 53–55] for the action (2.6). We consider the
background line element ds2 = −N¯2dt2 + a2(t)δijdxidxj
without setting N¯ = 1. Defining the Hubble parameter
H ≡ a˙
N¯a
, (4.1)
the background values of extrinsic and intrinsic curva-
tures are given, respectively, by
K¯µν = Hh¯µν , R¯µν = 0 , (4.2)
and hence K¯ = 3H , S¯ = 3H2, and R¯ = U¯ = 0.
The background and perturbation equations of motion
follow from first-order and second-order Lagrangians, re-
spectively, derived by expanding the action (2.6) up to
quadratic order in perturbations. The perturbations of
N,K,S are given by δN = N − N¯ , δK = K − 3H ,
and δS = 2HδK + δKµν δKνµ. We write the intrin-
sic curvature as R = δ1R + δ2R, where δ1R and δ2R
are first-order and second-order perturbations, respec-
tively. For the perturbation U , we have the relation∫
d4x
√−g λ(t)U = ∫ d4x√−g[λ(t)RK/2 + λ˙(t)R/(2N)]
up to a boundary term, where λ(t) is an arbitrary func-
tion with respect to t [68].
We consider the perturbed metric (3.4) with the choice
of unitary gauge
δφ = 0 , E = 0 , (4.3)
under which the temporal and spatial coordinate trans-
formation vectors are fixed, respectively.
1. Background equations
Expanding the gravitational action Sg =
∫
d4x
√−g L
up to first order in the scalar perturbations, it follows
that [43]
δSg =
∫
d4x
[
a3
(
L¯+ N¯L,N − 3HF
)
δN
+3a2N¯
(
L¯− F˙
N¯
− 3HF
)
δa
]
, (4.4)
where
F ≡ L,K + 2HL,S , (4.5)
and we dropped a boundary term irrelevant to the dy-
namics. Here and in the following, the coefficients in front
of perturbed quantities [such as those in front of δN and
δa in Eq. (4.4)] should be evaluated on the background.
Variation of the matter energy-momentum tensor
δSm =
∫
d4x
√−g T µνδgµν/2 reads
δSm =
∫
d4x
(−a3ρ δN + 3a2N¯Pδa) . (4.6)
From the variational principle δSg + δSm = 0, we obtain
the background equations of motion
L¯+ N¯L,N − 3HF = ρ , (4.7)
L¯− F˙
N¯
− 3HF = −P . (4.8)
Since the matter component is not directly coupled to
the field φ in the JF, it obeys the standard continuity
equation
ρ˙
N¯
+ 3H(ρ+ P ) = 0 . (4.9)
2. Perturbation equations
Expanding the action (2.6) with the Lagrangian (2.4)
up to second order in scalar perturbations and taking
the variation with respect to δN , ∂2ψ, ζ, and the field
perturbation δχ associated with the matter Lagrangian
P (Y ), the resulting perturbation equations of motion in
the presence of a barotropic perfect fluid are given, re-
spectively, by [43, 53–55]
(
2N¯L,N + N¯
2L,NN − 6HN¯W + 12L,SH2
) δN
N¯
+
(
3ζ˙ − ∂
2ψ
a2
)
W − 4(N¯D + E)∂
2ζ
a2
= δρ , (4.10)
W δN
N¯
− 4L,S
N¯2
ζ˙ = −δq , (4.11)
1
a3N¯
d
dt
(
a3N¯Y)+ 4(N¯D + E)∂2δN
a2N¯
+
4E
a2
∂2ζ
−3(ρ+ P )δN
N¯
= 3δP , (4.12)
δ˙ρ
N¯
+ 3H (δρ+ δP )
= −(ρ+ P )
(
3ζ˙
N¯
− ∂
2ψ
a2N¯
)
− N¯ ∂
2δq
a2
, (4.13)
where
D ≡ L,NR −
˙L,U
2N¯2
+HL,NU , (4.14)
E ≡ L,R + L˙,U
2N¯
+
3
2
HL,U , (4.15)
W ≡ L,KN + 2HL,SN + 4HL,S
N¯
, (4.16)
Y ≡ 4L,S
N¯2
∂2ψ
a2
− 3δq . (4.17)
The momentum perturbation δq obeys
1
N¯
d
dt
(N¯δq) + 3HN¯δq = −(ρ+ P )δN
N¯
− δP . (4.18)
6Substituting Eq. (4.17) into Eq. (4.12) and using
Eq. (4.18), it follows that(
L˙,S
N¯
+HL,S −
˙¯N
N¯2
L,S
)
ψ
N¯
+ L,S
ψ˙
N¯2
+(N¯D + E)δN
N¯
+ Eζ = 0 , (4.19)
where we set the integration constant 0. We define the
gauge-invariant Bardeen potentials [71]
Ψ ≡ δN
N¯
+
1
N¯
d
dt
(
ψ
N¯
)
, Φ ≡ ζ +H ψ
N¯
, (4.20)
and the anisotropy parameter
η ≡ −Φ
Ψ
. (4.21)
The effective gravitational potential associated with the
deviation of light rays in CMB and weak lensing obser-
vations is given by [72]
Φeff =
1
2
(Ψ− Φ) = 1
2
(1 + η)Ψ . (4.22)
One can write Eq. (4.19) in the form
Ψ+Φ =
L˙,S
N¯HL,S
(ζ−Φ)−
(
c2t
N¯2
− 1
)
ζ−αH δN
N¯
, (4.23)
where c2t = N¯
2E/L,S is the tensor propagation speed
squared discussed later in Sec. V, and
αH ≡ N¯D + E
L,S
− 1 = c
2
t
N¯2
− 1 + N¯D
L,S
. (4.24)
The parameter αH characterizes the deviation from Horn-
deski theories. Provided that one of the conditions
L˙,S 6= 0, c2t 6= N¯2, and αH 6= 0 is satisfied, the anisotropic
stress does not generally vanish (η 6= 1).
We define the gauge-invariant matter density contrast,
as
δm ≡ δ − 3Vm , (4.25)
where δ ≡ δρ/ρ and Vm ≡ N¯Hδq/ρ. Taking the time
derivative of Eq. (4.13) and using Eq. (4.18) in Fourier
space, we obtain
δ¨m + 2Hδ˙m +
k2
a2
Ψ = −3B¨ − 6HB˙ , (4.26)
where B ≡ ζ + Vm, and k is a coming wave number. We
define the effective gravitational coupling Geff , as
k2
a2
Ψ = −4πGeffρδm . (4.27)
The gravitational potential Ψ contains the information
of gravitational coupling with the scalar field φ. The
modified gravitational interaction affects the evolution of
matter perturbations through Eq. (4.26). The evolution
of Ψ and Geff is known by solving the coupled Eqs. (4.10)-
(4.13) with Eq. (4.18).
On using Eqs. (4.10) and (4.11), the second-order ac-
tion of scalar perturbations can be expressed in terms
of ζ, δχ, and its derivatives. Assuming that the matter
sector does not correspond to a ghost mode, the scalar
ghost is absent under the condition [53, 68]
qs =
2L,S(4L,Sws + 3N¯
2W2)
N¯3W2 > 0 , (4.28)
where ws = 2N¯L,N + N¯
2L,NN − 6HN¯W + 12L,SH2.
In GLPV theories there is a mixing between the scalar
propagation speed cs and the matter sound speed cm.
For non-relativistic matter characterized by P = +0 and
δP = +0, we have c2m = +0 in the small-scale limit, while
c2s is given by [39, 53, 56]
c2s =
2N¯
qs
[
M˙
N¯
+HM− E − 4L
2
,Sρ
N¯2W2 (1 + 2αH)
]
,
(4.29)
where
M≡ 4L,S(N¯D + E)
N¯W . (4.30)
This shows that the deviation from Horndeski theories
(αH 6= 0) modifies the scalar sound speed. We require
c2s > 0 to avoid Laplacian instabilities.
B. Equations of motion in the transformed frame
In the transformed frame described by the action
(3.33), we also derive the background and perturbation
equations of motion. The cosmic time tˆ in the trans-
formed frame is related to t in the JF, as
tˆ =
∫
ˆ¯Ndt . (4.31)
1. Background equations
Following the same procedure as that in the JF, we
obtain the background equations of motion
ˆ¯L+ ˆ¯NLˆ,Nˆ − 3HˆFˆ = ρˆ , (4.32)
ˆ¯L−
˙ˆF
ˆ¯N
− 3HˆFˆ = −Pˆ , (4.33)
where Fˆ ≡ Lˆ,Kˆ + 2HˆLˆ,Sˆ and
Hˆ ≡
˙ˆa
ˆ¯Naˆ
=
1
aˆ
daˆ
dtˆ
. (4.34)
The relations of the quantities ˆ¯N, Hˆ, Fˆ , ˆ¯L, Lˆ,Nˆ with those
in the JF are given in Appendix A (see also Ref. [44]).
7Using these relations as well as the background equations
(4.7)-(4.8) in the JF and the correspondence (3.27), we
can also derive Eqs. (4.32)-(4.33).
The continuity equation (4.9) in the JF can be ex-
pressed in terms of ρˆ and Pˆ on account of Eq. (3.27).
Then, the corresponding equation in the transformed
frame is given by
dρˆ
dtˆ
+ 3Hˆ(ρˆ+ Pˆ ) = Q , (4.35)
where
Q ≡ 1
β¯
dβ¯
dtˆ
ρˆ+ 3
[
Hˆ(1− α¯β¯) + α¯β¯ ω
ˆ¯N
]
Pˆ . (4.36)
The rhs of Eq. (4.35) describes the coupling between mat-
ter and the scalar degree of freedom.
2. Perturbation equations
In the transformed frame, the perturbation equations
following from the variations with respect to ˆδN , ∂2ψˆ,
and ζˆ are given, respectively, by(
2 ˆ¯NLˆ,Nˆ +
ˆ¯N2Lˆ,NˆNˆ − 6Hˆ ˆ¯NWˆ + 12Lˆ,SˆHˆ2
) ˆδN
ˆ¯N
+
(
3
dζˆ
dtˆ
− ∂
2ψˆ
aˆ2 ˆ¯N
)
ˆ¯NWˆ − 4( ˆ¯NDˆ + Eˆ)∂
2ζˆ
aˆ2
= δˆρ , (4.37)
Wˆ
ˆδN
ˆ¯N
− 4Lˆ,Sˆ
ˆ¯N
dζˆ
dtˆ
= −δˆq , (4.38)
1
aˆ3
d
dtˆ
(
aˆ3 ˆ¯N Yˆ
)
+ 4( ˆ¯NDˆ + Eˆ)∂
2 ˆδN
aˆ2 ˆ¯N
+
4Eˆ
aˆ2
∂2ζˆ
−3(ρˆ+ Pˆ )
ˆδN
ˆ¯N
= 3δˆP , (4.39)
where Dˆ, Eˆ , Wˆ, Yˆ are defined in the same way as
Eqs. (4.14)-(4.17) with the over-hat for background
quantities. We can also derive Eqs. (4.37)-(4.39) from
Eqs. (4.10)-(4.12) in the JF by using the relations (3.8),
(3.9), (A1) and (A2).
The equation of motion for the momentum perturba-
tion δˆq can be derived by employing Eqs. (3.9), (3.27),
(3.29), (3.32), (4.18), and (A1), as
d
dtˆ
( ˆ¯Nδˆq) + 3Hˆ ˆ¯Nδˆq = −(ρˆ+ Pˆ )
ˆδN
ˆ¯N
− ˆδP . (4.40)
This is of the same form as Eq. (4.18) in the JF.
Similarly, the density perturbation δˆρ obeys
d
dtˆ
(
δˆρ− νρˆ ˆδN
)
+
(
3Hˆ − 1
β¯
dβ¯
dtˆ
)(
δˆρ− νρˆ ˆδN
)
+3α¯β¯
(
Hˆ − ω
ˆ¯N
)(
δˆP + µβ¯Pˆ ˆδN
)
+
(
ρˆ+ α¯β¯Pˆ
)(
3
dζˆ
dtˆ
− ∂
2ψˆ
aˆ2 ˆ¯N
)
+
β¯Ω2 ˆ¯N
α¯
∂2δˆq
aˆ2
= 0 , (4.41)
the form of which is modified relative to Eq. (4.13) in the
JF. This modification comes from an explicit coupling
between matter and the scalar degree of freedom in the
transformed frame.
From Eqs. (4.39) and (4.40) it follows that(
dLˆ,Sˆ
dtˆ
+ HˆLˆ,Sˆ −
1
ˆ¯N
d ˆ¯N
dtˆ
Lˆ,Sˆ
)
ψˆ
ˆ¯N
+
Lˆ,Sˆ
ˆ¯N
dψˆ
dtˆ
+( ˆ¯NDˆ + Eˆ)
ˆδN
ˆ¯N
+ Eˆ ζˆ = 0 . (4.42)
We introduce the gauge-invariant Bardeen potentials in
the transformed frame, as
Ψˆ ≡
ˆδN
ˆ¯N
+
d
dtˆ
(
ψˆ
ˆ¯N
)
, Φˆ ≡ ζˆ + Hˆ ψˆ
ˆ¯N
. (4.43)
From Eq. (4.42) we obtain the relation similar to
Eq. (4.23) with additional over-hats to each quantity. As
we see in Sec. V, it is possible to find a metric frame in
which some of the terms generating the anisotropic stress
vanish.
We also introduce the gauge-invariant matter density
contrast, as
δˆm ≡ δˆ − 3Vˆm , (4.44)
where δˆ ≡ δρˆ/ρˆ and Vˆm ≡ ˆ¯NHˆδqˆ/ρˆ. From Eqs. (4.40)
and (4.41) we can derive the second-order equation for
δˆm analogous to Eq. (4.26) in the JF. If we transform to
the EF, the effective gravitational coupling with matter
becomes particularly transparent. We shall address this
issue in Sec. V.
V. EINSTEIN FRAME
We define the EF in which the second-order action of
tensor perturbations γij is of the same form as that in
GR [44]. In the following we discuss the transformation
of the action in the JF frame to that in the EF.
A. Transformation to the EF
Expanding the action (2.6) with the Lagrangian (2.4)
in terms of tensor perturbations γij , the resulting
quadratic action of γij in the JF is given by
S
(h)
2 =
∫
d4xa3qtδ
ikδjl
(
γ˙ij γ˙kl − c
2
t
a2
∂γij∂γkl
)
, (5.1)
where
qt ≡ L,S
4N¯
, c2t ≡
N¯2E
L,S
. (5.2)
8In Eq. (5.1) the quantities qt and c
2
t should be evaluated
on the background, such that the kinetic term X appear-
ing in L,S = −A4 − 3HA5 and E = B4 + B˙5/(2N¯) cor-
responds to the time derivative X¯(t) = −φ˙2(t)/(2N¯2).
We require the conditions qt > 0 and c
2
t > 0 to avoid
ghosts and Laplacian instabilities. In GR we have L =
M2plR/2 = −(M2pl/2)(K2−S)+ (M2pl/2)R, in which case
qt = M
2
pl/(8N¯) and c
2
t = N¯
2 (where Mpl is the reduced
Planck mass).
Under the disformal transformation (1.1) the tensor
perturbation is invariant, see Eq. (3.8). Hence the
second-order tensor action in the transformed frame
reads
S
(h)
2 =
∫
d4x aˆ3qˆtδ
ikδjl
(
γ˙ij γ˙kl − cˆ
2
t
aˆ2
∂γij∂γkl
)
, (5.3)
where qˆt ≡ Lˆ,Sˆ/(4 ˆ¯N) and cˆ2t ≡ ˆ¯N2Eˆ/Lˆ,Sˆ . Comparing
Eq. (5.3) with Eq. (5.1) and using the relation (3.6), it
follows that
qˆt =
1
Ω3
qt , cˆ
2
t = Ω
2c2t . (5.4)
The EF corresponds to a frame in which both qˆt and cˆ
2
t
are of the same forms as those in GR, i.e., qˆt =M
2
pl/(8
ˆ¯N)
and cˆ2t =
ˆ¯N2. The tensor action (5.1) in the JF can be
transformed to that in the EF for the choice
Ω2 =
8qtct
M2pl
, Γ =
8qtct
M2pl
(
c2t
N¯2
− 1
)
1
X
. (5.5)
The quantities qt and c
2
t in the action (5.1) depend on
the time t alone. Then, the factor Γ in Eq. (5.5) has
the dependence Γ(φ,X) = γ(φ)/X in the unitary gauge,
where γ(φ) = (8qtct/M
2
pl)(c
2
t/N¯
2 − 1).
For the choices (5.5) the terms α and β in Eqs. (3.3)
and (3.10) are given by
α =
1
β
= Ω
ct
N¯
. (5.6)
Since both α and β are functions of t, we have µ = 0 = ν
from Eq. (3.31). Then, the coupling (4.36) reduces to
Q = − ω
ˆ¯N
(
ρˆ− 3Pˆ
)
− C˙t
ˆ¯NCt
ρˆ , (5.7)
where
Ct ≡ ct
N¯
. (5.8)
If ct = N¯ , then Γ = 0 and Q = −(ω/ ˆ¯N)(ρˆ − 3Pˆ ). This
case corresponds to the well-known conformal transfor-
mation arising e.g., in BD theory [67]. For radiation
(ρˆ = 3Pˆ ) the coupling Q vanishes, but for non-relativistic
matter (Pˆ = 0), we have that Q = −(ω/ ˆ¯N)ρˆ. If Ct varies
in time, the last term on the rhs of Eq. (5.7) does not
vanish even for radiation.
B. Background equations in the EF
The choice (5.5) corresponds to the conditions
Lˆ,Sˆ = −Aˆ4 − 3HˆAˆ5 =
M2pl
2
, (5.9)
Eˆ = Bˆ4 + 1
2
dBˆ5
dtˆ
=
M2pl
2
. (5.10)
Using the relation (5.9), the background Eqs. (4.32) and
(4.33) in the EF can be written in the following forms:
3M2plHˆ
2 = ρˆDE + ρˆ , (5.11)
−2M2pl
dHˆ
dtˆ
= ρˆDE + PˆDE + ρˆ+ Pˆ , (5.12)
where
ρˆDE ≡ −Aˆ2 − 6Hˆ3Aˆ5
− ˆ¯N
(
Aˆ2,Nˆ + 3HˆAˆ3,Nˆ − 12Hˆ3Aˆ5,Nˆ
)
, (5.13)
PˆDE ≡ Aˆ2 + 6Hˆ3Aˆ5
−
(
dAˆ3
dtˆ
− 12Hˆ dHˆ
dtˆ
Aˆ5 − 6Hˆ2 dAˆ5
dtˆ
)
. (5.14)
From Eqs. (3.27) and (5.6), the matter equation of state
w = P/ρ is invariant under the transformation to the
EF, i.e., P/ρ = Pˆ /ρˆ. The energy density ρˆDE and the
pressure PˆDE obey the equation of motion
dρˆDE
dtˆ
+ 3Hˆ
(
ρˆDE + PˆDE
)
= −Q , (5.15)
where Q is given by Eq. (5.7). Comparing Eq. (4.35)
with Eq. (5.15), the scalar field and matter interact with
each other in the EF.
The background equations of motion in the JF do not
contain the terms B4 and B5. The theories with same
values of A2,3,4,5 but with different B4,5 cannot be distin-
guished from each other at the background level [54, 70].
In other words, two theories with different values of c2t
lead to the same background dynamics for given A2,3,4,5.
This implies that the coupling −C˙t/( ˆ¯NCt)ρˆ appearing
in Eq. (5.7) does not essentially modify the background
physics even for the theories in which Ct varies in time.
In Sec. VI we shall confirm this property for a concrete
dark energy model.
C. Perturbations in the EF
Substituting the relations Lˆ,Sˆ = Eˆ = M2pl/2 into
Eqs. (4.37)-(4.42), we obtain the perturbation equations
of motion in the EF. From Eq. (4.42) the gauge-invariant
Bardeen potentials obey the relation
Ψˆ + Φˆ = −αˆH
ˆδN
ˆ¯N
, (5.16)
9where αˆH = 2
ˆ¯NDˆ/M2pl is the parameter characterizing
the departure from Horndeski theories. Since
˙ˆ
L,Sˆ = 0
and cˆ2t =
ˆ¯N2, the first and second terms present on the
rhs of Eq. (4.23) in the JF vanish in the EF.
The full GLPV action cannot be mapped to the full
Horndeski action under the disformal transformation
[43, 44], so the parameter αˆH in Eq. (5.16) does not gen-
erally vanish. It is, however, possible to transform part of
the GLPV action to the action belonging to Horndeski
theories, in which case αˆH = 0 and hence there is no
anisotropic stress in the EF.
Let us consider perturbations of non-relativistic mat-
ter characterized by P = 0 and δP = 0. In the EF,
Eqs. (4.40) and (4.41) reduce, respectively, to
1
Hˆ
dVˆm
dtˆ
+
(
1
Hˆβ¯
dβ¯
dtˆ
− 1
Hˆ2
dHˆ
dtˆ
)
Vˆm = −
ˆδN
ˆ¯N
, (5.17)
dδˆ
dtˆ
+ 3
dζˆ
dtˆ
+
k2
aˆ2
ψˆ
ˆ¯N
− 1C2t
k2
aˆ2
Vˆm
Hˆ
= 0 , (5.18)
where we used the background Eq. (4.35). Taking the
tˆ derivative of Eq. (5.18) and employing Eq. (5.17), the
matter density contrast (4.44) obeys
d2δˆm
dtˆ2
+
(
2Hˆ − 1
Ω
dΩ
dtˆ
+
1
Ct
dCt
dtˆ
)
dδˆm
dtˆ
+
k2
aˆ2
Ψˆg
= −3d
2Bˆ
dtˆ2
− 3
(
2Hˆ − 1
Ω
dΩ
dtˆ
+
1
Ct
dCt
dtˆ
)
dBˆ
dtˆ
, (5.19)
where Bˆ ≡ ζˆ + Vˆm, and
Ψˆg ≡ Ψˆ−
(
1
Ω
dΩ
dtˆ
− 1Ct
dCt
dtˆ
)
ψˆ
ˆ¯N
+
(
1
C2t
− 1
) ˆδN
ˆ¯N
. (5.20)
The effective potential Ψˆg characterizes the strength of
gravitational coupling with matter. In the EF, it is clear
that Ψˆg is expressed in terms of the sum of the gravita-
tional potential Ψˆ and contributions from the variations
of Ω and Ct as well as the difference of Ct from 1. For
the theories with Ct = 1, which is the case for BD the-
ories, the variation of the conformal factor Ω gives rise
to the modification to Ψˆ. The deviation of Ct from 1
and the variation of Ct occur for the theories studied in
Refs. [55, 56], in which case the gravitational interaction
is modified as well.
On using the correspondence ˆδN/ ˆ¯N = δN/N¯ and
ψˆ/ ˆ¯N = Ωψ/(N¯Ct), the gravitational potential Ψˆ can be
expressed by using Ψ in the JF. Then, we obtain the
simple relation
Ψˆg =
Ψ
C2t
. (5.21)
This shows that the effective potential Ψˆg is directly
related to Ψ appearing in the matter perturbation
Eq. (4.26) in the JF. Once we find the evolution of Ψˆg
in the EF, the potential Ψ and the effective gravitational
coupling Geff in the JF are known accordingly.
D. Model belonging to Horndeski theories in the
EF
One example of realizing αˆH = 0 in the EF is the model
described by the JF Lagrangian
L = A2(N, t) +A3(N, t)K +A4(t)(K
2 − S) +B4(t)R .
(5.22)
In this case the tensor propagation speed squared c2t di-
vided by N¯2 reads
C2t = −
B4
A4
. (5.23)
In Horndeski theories we have −A4 = B4 from the first
condition of Eq. (2.5), but in GLPV theories there is no
such restriction and hence C2t generally differs from 1.
Since D = 0 and αH = C2t − 1 for the model (5.22), it
follows that
Ψ + Φ =
A˙4
N¯HA4
(ζ − Φ)− (C2t − 1)
(
ζ +
δN
N¯
)
, (5.24)
from Eq. (4.23). For A4 depending on t and for C2t dif-
ferent from 1, the anisotropic stress is present in the JF.
Under the disformal transformation with the factors
Ω2 =
2
√−A4B4
M2pl
, (5.25)
Γ =
2
√−A4B4
M2pl
(
−B4
A4
− 1
)
1
X
, (5.26)
the Lagrangian (5.22) is transformed to
Lˆ = Aˆ2(Nˆ , t) + Aˆ3(Nˆ , t)Kˆ +
M2pl
2
(
Sˆ − Kˆ2 + Rˆ
)
,
(5.27)
where Aˆ2 = (A2−3ωA3/N+6ω2A4/N2)/(Ω3α) and Aˆ3 =
(A3−4ωA4/N)/Ω3 with α = (
√
2/Mpl)(−B34/A4)1/4 and
ω = (A˙4/A4 + B˙4/B4)/4. The last term of Eq. (5.27)
corresponds to the Einstein-Hilbert term M2plRˆ/2, where
Rˆ is the four-dimensional Ricci scalar. Since αˆH = 0 for
the Lagrangian (5.27), it follows that
Ψˆ + Φˆ = 0 . (5.28)
Thus, for the Lagrangian (5.22), the disformal transfor-
mation allows one to de-mix the gravitational potentials
in the EF, such that the anisotropy parameter ηˆ = −Φˆ/Ψˆ
is equivalent to 1.
While the gravitational potentials are de-mixed in the
EF, the matter perturbation δˆm is subject to gravita-
tional mixing described by the effective potential (5.20)
mediated by the scalar field φ. Multiplying the term
3 ˆ¯NHˆ for Eq. (4.38) and taking the sum with Eq. (4.37),
one can relate δˆm with metric perturbations. Let us
employ the sub-horizon approximation [73] under which
the dominant contributions to the lhs of Eqs. (4.37)
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and (4.38) are those involving ∂2ψˆ/aˆ2 and ∂2ζˆ/aˆ2. In
the EF the terms Eˆ and Wˆ are given, respectively, by
Eˆ = M2pl/2 and Wˆ = 2HˆM2pl/ ˆ¯N + Aˆ3,Nˆ . Provided that
2HˆM2pl/
ˆ¯N ≫ |Aˆ3,Nˆ |, we obtain the Poisson equation
k2
aˆ2
Φˆ ≃ 1
2M2pl
ρˆδˆm . (5.29)
On using Eq. (5.28) and introducing the gravitational
constant as G = (8πM2pl)
−1, it follows that
k2
aˆ2
Ψˆ ≃ −4πGρˆδˆm . (5.30)
This shows that the gravitational coupling associated
with Ψˆ is simply given by G under the condition
2HˆM2pl/
ˆ¯N ≫ |Aˆ3,Nˆ |.1 Hence, the modified gravitational
interaction from GR arises from the terms on the rhs of
Eq. (5.20) other than Ψˆ.
In Sec. VI we consider a concrete model belonging to
the Lagrangian (5.22) and study the correspondence of
physical quantities between the JF and the EF in detail.
VI. CONCRETE MODEL
We study a dark energy model described by the action
(2.6), where the Lagrangian L is given by Eq. (5.22). We
consider the following functions
A2 = −1
2
ǫ(φ)X − V (φ) , A3 = −M2pl
√−XF1,φ ,
A4 = −1
2
M2plF1(φ) , B4 =
1
2
M2plF2(φ) , (6.1)
where ǫ(φ), V (φ), F1(φ), and F2(φ) are functions that
depend on φ, i.e., on t in the unitary gauge. The de-
pendence of A2 and A3 on N arises in the kinetic term
X = −φ˙2/N2. To accommodate BD theory [23] as well
as theories recently proposed in Refs. [55, 56], we choose
the functions
F1(φ) = e
−2q1φ/Mpl , F2(φ) = c
2
tie
−2q2φ/Mpl ,
ǫ(φ) = (1− 6q21)F1(φ) , (6.2)
where q1, q2, cti are positive constants. We assume that
q1, q2 ≪ 1 for the compatibility with observations [67,
75]. In Horndeski theories, the first condition of Eq. (2.5)
demands that F2(φ) is equivalent to F1(φ). The original
BD theory without the field potential corresponds to the
case V (φ) = 0 and F2(φ) = F1(φ) with the BD parameter
ωBD = (1− 6q21)/(4q21) [12].
1 There are some models like kinetic braidings [13] in which the
dependence of Aˆ3 on Nˆ modifies the gravitational coupling; see
Refs. [16, 74].
Let us first consider theoretical consistent conditions
in the JF. In the following we set the background value
of the lapse N¯ to be 1. From Eqs. (5.2) and (4.28) the
conditions for avoiding tensor and scalar ghosts are given,
respectively, by
qt =
1
8
M2plF1 > 0 , (6.3)
qs =
M2plφ˙
2F1
2(MplH − q1φ˙)2
> 0 , (6.4)
which are satisfied for F1 > 0. The tensor and scalar
propagation speed squares are given, respectively, by
c2t =
F2
F1
= c2tie
2(q1−q2)φ/Mpl , (6.5)
c2s = c
2
t +
(1− c2t )Ωm
2x21
+
2(q1 − q2)c2t (
√
6− 6q1x1)
3x1
,
(6.6)
where
x1 ≡ φ˙√
6HMpl
, Ωm ≡ ρ
3M2plH
2F1
. (6.7)
Under the no-ghost condition F1 > 0, the condition
(6.5) is satisfied for F2 > 0. For the theories with q1 = q2,
c2t is constant (c
2
t = c
2
ti). Since c
2
s = c
2
t+(1−c2t )Ωm/(2x21)
in this case, c2s is positive for 0 < c
2
t < 1, while c
2
s can
be negative for c2t > 1. In Ref. [55] the authors studied
the cosmology for the specific case with q1 = q2 = 0. If
q1 6= q2, then c2t varies in time. The variation of c2t gives
rise to a contribution to c2s , i.e., the last term on the rhs
of Eq. (6.6). The cosmology with q1 = 0 and q2 6= 0 was
recently studied in Ref. [56] as a model of realizing weak
gravity on scales relevant to large-scale structures.
For dark energy models in which the ratio Ωm/x
2
1 de-
creases with time, c2s grows to be very much larger than 1
as we go back to the past. This behavior can be avoided
for the scaling model characterized by the potential [76]
V (φ) = V1e
−λ1φ/Mpl + V2e
−λ2φ/Mpl , (6.8)
where V1, V2, λ1, λ2 are positive constants. Provided the
first potential on the rhs of Eq. (6.8) dominates over the
second one, the scaling solution with the constant ratio
Ωm/x
2
1 is realized during radiation and matter eras [77].
The solution exits from the scaling regime to the epoch
of cosmic acceleration due to the existence of the second
potential. We shall consider the situation in which the
slopes λ1 and λ2 are in the range
λ1 & 10 , λ2 . 1 , (6.9)
for consistency with the big-bang nucleosynthesis [78]
and the late-time cosmic acceleration [1]. There are seven
free parameters (q1, q2, cti, V1, V2, λ1, λ2) in our model.
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A. Transformation to the Einstein frame
For the theories given by the functions (6.1), the two
factors (5.25) and (5.26) transforming to the EF are
given, respectively, by
Ω2(φ) =
√
F1(φ)F2(φ) = F1(φ)ct(φ) , (6.10)
Γ(φ,X) =
√
F1(φ)F2(φ)
(
F2(φ)
F1(φ)
− 1
)
1
X
. (6.11)
We also have
α =
1
β
=
√
F1(φ)c3t (φ) . (6.12)
Then the action in the EF is given by Eq. (3.33) with the
Lagrangian (5.27), where
Aˆ2 =
φ˙2
2Nˆ2
[
1− 3
2
(q1 − q2)2
]
− Vˆ (φ) , (6.13)
Aˆ3 =
Mplφ˙
Nˆ
(q1 − q2) , (6.14)
and the EF frame potential
Vˆ (φ) =
V (φ)√
F1(φ)F 32 (φ)
=
V (φ)
c3ti
e(q1+3q2)φ/Mpl . (6.15)
For the JF potential (6.8) it follows that
Vˆ (φ) = Vˆ1e
−µ1φ/Mpl + Vˆ2e
−µ2φ/Mpl , (6.16)
where Vˆ1 = V1/c
3
ti, Vˆ2 = V2/c
3
ti, and
µ1 = λ1 − q1 − 3q2 , µ2 = λ2 − q1 − 3q2 . (6.17)
For the theories with q1 = q2 (i.e., c
2
t =constant) the
term Aˆ3 vanishes, in which case the Lagrangian (5.27)
corresponds to that of the canonical scalar field φ coupled
to matter.
B. Background dynamics
From Eqs. (4.7)-(4.9) the background equations of mo-
tion in the JF are given by
3M2plH
2F1 =
ǫ
2
φ˙2 + V − 3M2plHφ˙F1,φ + ρ, (6.18)
−2M2plF1H˙ = ǫφ˙2 +M2pl(F¨1 −HF˙1) + ρ+ P, (6.19)
ρ˙+ 3H(ρ+ P ) = 0 . (6.20)
These equations depend on the function F1(φ) but not
on F2(φ), so the quantities q2 and c
2
ti are irrelevant to
the background dynamics. This means that the theories
with same q1 and different q2 (i.e., same A4 and differ-
ent B4) cannot be distinguished from each other for the
background cosmology in the JF [54].
The disformal transformation to the EF corresponds
to the change of tensor propagation speed squared c2t =
−B4/A4 to cˆ2t = ˆ¯N2, so the quantity q2 arises in the EF.
Nevertheless we are dealing with the same physics in the
two frames, so any physical condition (such as the stabil-
ity of fixed points) should not be subject to change. In
what follows we shall study the correspondence of back-
ground quantities between the EF and the JF.
1. Einstein frame
The background equations of motion in the EF are
given by Eqs. (5.11)-(5.12), where
ρˆDE =
1
2
(
dφ
dtˆ
)2 [
1− 3
2
(q1 − q2)2
]
+ Vˆ (φ)
+3(q1 − q2)MplHˆ dφ
dtˆ
, (6.21)
PˆDE =
1
2
(
dφ
dtˆ
)2 [
1− 3
2
(q1 − q2)2
]
− Vˆ (φ)
−(q1 − q2)Mpl d
2φ
dtˆ2
. (6.22)
The matter fluid and the scalar field φ obey Eqs. (4.35)
and (5.15), respectively, with
Q =
q1 + q2
2Mpl
(
ρˆ− 3Pˆ
) dφ
dtˆ
− q1 − q2
Mpl
ρˆ
dφ
dtˆ
. (6.23)
The first term on the rhs of Eq. (6.23) arises for the
standard coupled dark energy scenario characterized by
q1 = q2 and c
2
ti = 1 [67]. The second term on the rhs of
Eq. (6.23) does not vanish for the theories with q1 6= q2
(i.e. time-varying c2t ).
To discuss the background dynamics in the EF, it is
convenient to introduce the dimensionless quantities
xˆ1 ≡ 1√
6MplHˆ
dφ
dtˆ
, xˆ2 ≡
√
Vˆ√
3MplHˆ
,
ΩˆDE ≡ ρˆDE
3M2plHˆ
2
, Ωˆm ≡ ρˆ
3M2plHˆ
2
,
w ≡ Pˆ
ρˆ
, µ ≡ −MplVˆ,φ
Vˆ
, ǫˆH ≡ − Hˆ
′
Hˆ
, (6.24)
where a prime represents a derivative with respect to
Nˆ = ∫ Hˆdtˆ. Recall that the matter equation of state
w is invariant under the disformal transformation to the
EF. In the following we assume that w is constant. From
Eq. (5.11) there is the relation ΩˆDE + Ωˆm = 1.
The variables xˆ1 and xˆ2 obey the differential equations
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xˆ′1 =
√
6
4
[2q1(3w − 1)− 2
√
6{1 + q1(q1 − q2)(3w − 1)}xˆ1 + q1{3(q1 − q2)2 − 2}(3w − 1)xˆ21
+2{3q2 + µ− q1(2 + 3w)}xˆ22] + xˆ1ǫˆH , (6.25)
xˆ′2 = −
√
6
2
µxˆ1xˆ2 + xˆ2ǫˆH , (6.26)
ǫˆH =
3
2
(1 + w − xˆ22)−
3
2
q1(q1 − q2)(3w − 1) + 3
2
√
6(q1 − q2){1− w + q1(q1 − q2)(3w − 1)}xˆ1
−3
4
{3(q1 − q2)2 − 2}{1− w + q1(q1 − q2)(3w − 1)}xˆ21 −
3
2
[w − (q1 − q2){q1(2 + 3w)− 3q2 − µ}]xˆ22 , (6.27)
where ǫˆH is related to the effective equation of state wˆeff of the system, as wˆeff = −1 + 2ǫˆH/3. The field density
parameter and the equation of state are given, respectively, by
ΩˆDE = 1− Ωˆm = xˆ1
2
[
2
√
6(q1 − q2) + {2− 3(q1 − q2)2}xˆ1
]
+ xˆ22 , (6.28)
wˆDE =
PˆDE
ρˆDE
=
3[2− 3(q1 − q2)2]xˆ21 − 6xˆ22 − 2
√
6(q1 − q2)(xˆ′1 − ǫˆH xˆ1)
3[2− 3(q1 − q2)2]xˆ21 + 6xˆ22 + 6
√
6(q1 − q2)xˆ1
. (6.29)
If µ is constant, which is the case for the exponential
potential Vˆ (φ) = V0e
−µφ/Mpl , there are five fixed points
characterized by constant xˆ1 and xˆ2. They are summa-
rized in Table I.
For the fixed point (a), the field density parameter
reads
ΩˆDE =
q1(3w − 1)[q1{4− 3(q1 − q2)2} − 6q2 + 3{3q1(q1 − q2)2 + 2q2}w]
3[1− w + q1(q1 − q2)(3w − 1)]2 , (6.30)
so that both ΩˆDE and xˆ1 vanish for radiation (w = 1/3).
If q2 = q1, it follows that xˆ1 =
√
6q1(3w − 1)/[3(1− w)],
wˆeff = [2q
2
1(1− 3w)2+3w(1−w)]/[3(1−w)], and ΩˆDE =
2q21(3w− 1)2/[3(w− 1)2] for the point (a). When w = 0,
this corresponds to the φ-matter-dominated era (φMDE)
[67] characterized by wˆeff = ΩˆDE = 2q
2
1/3. Provided that
w 6= 1/3, the point (a) is a kind of scaling solution with
a constant ratio Ωˆm/ΩˆDE.
Since the effective equations of state wˆeff for the points
(b1) and (b2) are 1, they are neither relevant to radia-
tion/matter eras nor the late-time cosmic acceleration.
The point (c) is the scalar-field dominated point
(ΩˆDE = 1) relevant to dark energy. When q2 = q1 we
have xˆ1 = µ/
√
6, xˆ2 =
√
1− µ2/6, and wˆeff = −1+µ2/3,
so the cosmic acceleration occurs for µ2 < 2. For q2 6= q1,
wˆeff is close to −1 provided that q1, q2, µ are smaller than
the order of 1.
The point (d) corresponds to the scaling solution with
the field density parameter
ΩˆDE =
q21(9w
2 − 30w − 23) + 2q1[8µ+ 3q2{9 + w(4 + 3w)}] + 3(w + 1)[4− 4q2µ+ 3q22(w − 3)]
[2µ− q1 + 3q2 − 3w(q1 + q2)]2 . (6.31)
When q2 = q1, we have that ΩˆDE = [3(1 +w) − q1(3w −
1)(µ + q1 − 3q1w)]/(µ + q1 − 3q1w)2 and wˆeff = [µw +
q1(3w − 1)]/[µ − q1(3w − 1)]. In this case the radiation
scaling solution corresponds to ΩˆDE = 4/µ
2 and wˆeff =
1/3, whereas the matter scaling solution is characterized
by ΩˆDE = (3+q1µ+q
2
1)/(µ+q1)
2 and wˆeff = −q1/(µ+q1).
If the fixed point (d) is stable, the solutions approach it
during the radiation and matter eras.
The stability of the above fixed points can be analyzed
by considering small perturbations δxˆ1 and δxˆ2 about
each of them. The linearized version of Eqs. (6.25) and
(6.26) can be written in the form(
δxˆ′1
δxˆ′2
)
=M
(
δxˆ1
δxˆ2
)
, (6.32)
whereM is a 2× 2 matrix. If the two eigenvalues κˆ1,2 of
M are negative (or imaginary with negative real parts),
then the corresponding fixed point is stable.
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xˆ1 xˆ
2
2 wˆeff ΩˆDE
(a)
√
6q1(3w−1)
3[1−w+q1(q1−q2)(3w−1)]
0
3w(1−w)+q1(3w−1)[q1(6w+1)−3q2]
3(1−w)+3q1(q1−q2)(3w−1)
Eq. (6.30)
(b1)
√
6√
6+3(q1−q2)
0 1 1
(b2) −
√
6√
6−3(q1−q2)
0 1 1
(c)
√
6(3q1−3q2−µ)
3[(3q1−3q2−µ)(q1−q2)−2]
2[6−(3q1−3q2−µ)2]
3[2−(q1−q2)(3q1−3q2−µ)]2
−6−(3q1−3q2−2µ)(3q1−3q2−µ)
6−3(q1−q2)(3q1−3q2−µ)
1
(d)
√
6(1+w)
2µ−q1+3q2−3w(q1+q2)
2[3−3w2−2q1(3q2+µ)(3w−1)+2q21(9w
2+3w−2)]
[2µ−q1+3q2−3w(q1+q2)]2
q1+3q2(w−1)+(3q1+2µ)w
2µ−q1+3q2−3(q1+q2)w
Eq. (6.31)
Table I. The fixed points in the EF and corresponding values of wˆeff and ΩˆDE for the system characterized by the autonomous
Eqs. (6.25)-(6.26) with Eq. (6.27). The scaling radiation and matter points (d) are stable for µ & 10 and q1, q2 ≪ 1, whereas
the accelerated point (c) is stable for µ . 1 and q1, q2 ≪ 1. The potential (6.16) allows for the transition from the matter point
(d) with µ ≃ µ1 & 10 to the point (c) with µ ≃ µ2 . 1.
In the presence of radiation (w = 1/3), the eigenvalues
of the point (d) are given by
κˆ
(d)
1,2 = −
µ− 3q1 + 3q2 ±
√
64− 15(µ− 3q1 + 3q2)2
2(µ− q1 + q2) .
(6.33)
For µ & 10 and q1, q2 ≪ 1, κˆ(d)1,2 are imaginary with neg-
ative real parts, so the point (d) is a stable spiral. For
non-relativistic matter (w = 0), the eigenvalues of the
point (d) read
κˆ
(d)
1,2 = −
3(µ− q1 + 3q2)±
√
D(d)
2(2µ− q1 + 3q2) , (6.34)
where D(d) = 9(µ − q1 + 3q2)2 − 24[3 − 4q21 + 2q1(µ +
3q2)][(µ+3q2)
2− 5q1(µ+3q2)− 3+6q21 ]. For µ & 10 and
q1, q2 ≪ 1, the eigenvalues (6.34) are again imaginary
with negative real parts. Thus, the first potential on the
rhs of Eq. (6.16) leads to the scaling radiation and matter
eras driven by the fixed point (d) with µ = µ1.
The point (a) can be potentially relevant to radiation
and matter eras, but one of the eigenvalues is positive,
i.e., κˆ
(a)
1 = 2 for w = 1/3 and κˆ
(a)
1 = (3 + 2q1µ+ 6q1q2 −
4q21)/[2(1+ q1q2− q21)] for w = 0. Hence the solutions are
attracted by the scaling solution (d) rather than the point
(a). For µ smaller than the order of 1, the stable scaling
matter solution (d) with ΩDE < 1 does not exist [79], in
which case the matter era is replaced by the φMDE (a)
[67]. In our model, we do not consider this latter case
to avoid very large values of c2s in the early cosmological
epoch.
After the dominance of the second potential on the rhs
of Eq. (6.16), the solutions exit from the scaling matter
era (d) to the epoch of cosmic acceleration driven by the
point (c). In the presence of non-relativistic matter, the
eigenvalues of the point (c) are given by
κˆ
(c)
1 = −
6− (µ− 3q1 + 3q2)2
2 + (q1 − q2)(µ− 3q1 + 3q2) , (6.35)
κˆ
(c)
2 = −
6− 2(µ− 3q1 + 3q2)(µ− 2q1 + 3q2)
2 + (q1 − q2)(µ− 3q1 + 3q2) . (6.36)
For µ . 1 and q1, q2 ≪ 1, it is clear that both κˆ(c)1 and
κˆ
(c)
2 are negative. Hence, the solutions finally approach
the accelerated attractor (c) with wˆeff close to −1 for
µ2 ≪ 1 (see Table I for the value of wˆeff).
In summary, for the potential (6.16) with µ1 & 10 and
µ2 . 1, the background cosmological sequence in the EF
is as follows: (i) scaling radiation point (d) with w = 1/3
and µ = µ1, → (ii) scaling matter point (d) with w = 0
and µ = µ1, → (iii) accelerated point (c) with µ = µ2.
2. Jordan frame
The background dynamics in the JF can be known by
using relations for physical quantities between the two
frames. We define the dimensionless quantities
x1 ≡ φ˙√
6MplH
, x2 ≡
√
V√
3F1MplH
,
λ ≡ −MplV,φ
V
, Ωm ≡ ρ
3M2plH
2F1
, (6.37)
where the field density parameter is given by ΩDE =
1 − Ωm. On using Eqs. (3.27), (6.10), (6.12), and (A1),
we obtain the following correspondence
x1 = (1 + ωH)xˆ1 , x2 = (1 + ωH)xˆ2 ,
Ωm = (1 + ωH)
2Ωˆm , (6.38)
where
ωH ≡ Ω˙
HΩ
= −
√
6
2
(q1 + q2)x1 = −
√
6(q1 + q2)xˆ1
2 +
√
6(q1 + q2)xˆ1
.
(6.39)
The slow-roll parameter ǫH ≡ −H˙/H2, which is associ-
ated with the effective equation of state weff in the JF as
weff = −1 + 2ǫH/3, satisfies the relation
ǫH = (1+ωH)
[
ǫˆH −
√
6
2
(q1 − 3q2)xˆ1 + 1
Hˆ(1 + ωH)
dωH
dtˆ
]
.
(6.40)
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The slope λ defined in Eq. (6.37) is related to the slope
µ in the EF, as
µ = λ− q1 − 3q2 . (6.41)
Using the above correspondence, one can readily trans-
late the background cosmological dynamics in the EF to
that in the JF. In the JF, the fixed point (d) in Table I
corresponds to
x
(d)
1 =
√
6(1 + w)
2λ
,
x
(d)
2 =
√
3(1− w2) + 2q1(1− 3w)[λ − 3q1(1 + w)]√
2λ
,(6.42)
with
w
(d)
eff = w − 2(1 + w)
q1
λ
, (6.43)
Ω
(d)
DE =
3(1 + w)(1 − 4q21) + q1λ(7 + 3w)
λ2
. (6.44)
The fixed point (c) translates to
x
(c)
1 =
λ− 4q1√
6(1− 4q21 + q1λ)
,
x
(c)
2 =
√
1− (λ− 4q1)2/6
1− 4q21 + q1λ
, (6.45)
with
w
(c)
eff = −
3− λ2 − 20q21 + 9q1λ
3(1− 4q21 + q1λ)
, (6.46)
Ω
(c)
DE = 1 . (6.47)
The quantity q2 disappears after the transformation from
the EF to the JF, which reflects the fact that the factor
F2 is absent in the background equations (6.18)-(6.20).
The stability of fixed points should be independent of
the values of q2. Substituting Eq. (6.41) into Eqs. (6.33)-
(6.36), it follows that the numerators of the eigenvalues
do not contain the term q2. In the denominators there are
still q2-dependent terms, but they are simply associated
with the transformation of the number of e-foldings, i.e.,
dNˆ
dN = 1−
√
6
2
(q1 + q2)x1 . (6.48)
The evolution of homogenous perturbations δxˆj ∝ eκˆjNˆ
(j = 1, 2) in the EF translates to the JF evolution pro-
portional to eκjN , where κj = κˆj [1 −
√
6(q1 + q2)x1/2].
On using the index κj , the q2 dependence in the denom-
inators of κˆj vanishes identically. Provided the rhs of
Eq. (6.48) is positive, which is the case for q1, q2 ≪ 1
and |x1| . 1, the stability conditions of fixed points are
identical to each other in the two frames.
The above discussion shows that, in the JF, the scaling
radiation fixed point (d) with w = 1/3 and λ = λ1 is
followed by the scaling matter point (d) with w = 0 and
λ = λ1, and then the solutions finally approach the point
(c) with λ = λ2. During this sequence, the effective
equation of state and the field density parameter evolve
as (i) weff = 1/3−8q1/(3λ1), ΩDE = 4(1−4q21+2q1λ1)/λ21
(radiation era), → (ii) weff = −2q1/λ1, ΩDE = [3(1 −
4q21) + 7q1λ1]/λ
2
1 (matter era), → (iii) weff = −(3− λ22 −
20q21 + 9q1λ2)/[3(1− 4q21 + q1λ2)], ΩDE = 1 (accelerated
era).
C. Perturbations and matter-scalar couplings
We consider the evolution of cosmological perturba-
tions and the resulting matter-scalar coupling in the
presence of non-relativistic matter satisfying P = 0 and
δP = 0. In what follows we shall focus on the case where
q1 = q2 ≡ q , (6.49)
under which c2t is constant. Then, at the background
level, the coupling (6.23) reduces to
Q =
qρˆ
Mpl
dφ
dtˆ
. (6.50)
The quantity ωH in Eq. (6.39) reads
ωH =
F˙1
2HF1
=
α˙
Hα
= − β˙
Hβ
= − qφ˙
HMpl
. (6.51)
In the EF, the gauge-invariant matter density con-
trast is defined by Eq. (4.44). Since δˆ = δ and Vˆm =
(1+ωH)Vm, δˆm is not equivalent to δm. For the perturba-
tion deep inside the Hubble radius the velocity potential
Vˆm is much smaller than δˆ, so the difference between δˆm
and δm is small. We introduce the effective gravitational
coupling Gˆeff in the EF, as
k2
aˆ2
Ψˆg = −4πGˆeff ρˆδˆm , (6.52)
where Ψˆg is given by Eq. (5.20). For the choice (6.49),
Ψˆg reduces to
Ψˆg = Ψˆ +
qφ′
Mpl
χˆ+
(
1
c2t
− 1
)
δNˆ
ˆ¯N
, (6.53)
where
χˆ ≡ Hˆψˆ
ˆ¯N
. (6.54)
Using the relation (5.21) as well as the approximation
δˆm ≃ δm for the perturbations deep inside the Hubble
radius, we can rewrite Eq. (6.52) of the form (k2/a2)Ψ ≃
−4π(Gˆeff/F1)ρδm. Hence, the effective gravitational cou-
pling Geff in the JF is related to Gˆeff , as
Geff ≃ Gˆeff
F1
. (6.55)
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The above discussion shows that, once Ψˆg is known by
solving the perturbation equations in the EF, the gravi-
tational potential Ψ and the resulting matter-scalar cou-
pling Geff in the JF are determined accordingly.
Since αˆH = 0 in the EF, we have the relation (5.28),
i.e.,
Φˆ = −Ψˆ . (6.56)
On using the relations ˆδN/ ˆ¯N = δN/N¯ , ζˆ = ζ, and χ ≡
Hψ/N¯ = c2t χˆ/(1 + ωH) with N¯ = 1, the gravitational
potentials Ψ and Φ in the JF are related to Ψˆ and Φˆ in
the EF, as
Ψ = Ψˆ +
(
c2t − 1
) d
dtˆ
(
χˆ
Hˆ
)
− c2t
ωH
1 + ωH
χˆ , (6.57)
Φ = Φˆ +
(
c2t
1 + ωH
− 1
)
χˆ . (6.58)
The anisotropy parameter η in the JF generally differs
from 1 due to the presence of the perturbation χˆ.
1. Einstein frame
Let us study the evolution of perturbations in the EF
during the scaling matter and accelerated epochs. From
Eqs. (4.37)-(4.42) we obtain the perturbation equations
ζˆ′ =
ˆδN
ˆ¯N
+
3
2
ΩˆmVˆm , (6.59)
χˆ′ = −(ǫˆH + 1)χˆ− ζˆ −
ˆδN
ˆ¯N
, (6.60)
δˆ′ = −3ζˆ′ − Kˆ2
(
χˆ− Vˆm
c2t
)
, (6.61)
Vˆ ′m = −
(
ǫˆH +
√
6qxˆ1
)
Vˆm − δNˆˆ¯N
, (6.62)
ˆδN
ˆ¯N
=
3Ωˆmδˆm − 2Kˆ2(χˆ+ ζˆ)
6xˆ21
, (6.63)
where Kˆ ≡ k/(aˆHˆ). Taking the Nˆ derivative of
Eq. (6.62) and using other equations of motion, the ve-
locity potential Vˆm obeys
Vˆ ′′m + C1Vˆ ′m +
[
(1− c2t )Ωˆm
2c2t xˆ
2
1
Kˆ2 + C2
]
Vˆm
= −
[
χˆ+
√
6q
3xˆ1
(
χˆ+ ζˆ
)]
Kˆ2 , (6.64)
where
C1 = [2(3xˆ1 −
√
6µ)(xˆ21 − 1)
+Ωˆm{3xˆ1 − 2
√
6(µ+ q)}]/(2xˆ1) , (6.65)
C2 = 3[12xˆ51 − 4
√
6µxˆ41 − 2xˆ31(9 + 2q2 + 3qµ− 6Ωˆm)
+3xˆ1{2qµ+ Ωˆm(Ωˆm − 1− 2q(q + µ))}
−
√
6xˆ21{4q − 4µ+ (3q + 5µ)Ωˆm}
−
√
6(q + µ)Ωˆm(Ωˆm − 1)]/(2xˆ1) . (6.66)
The general solution to Eq. (6.64) can be written in
the form Vˆm = Vˆ
(s)
m + Vˆ
(h)
m , where Vˆ
(s)
m is the special
solution and Vˆ
(h)
m is the homogenous solution derived by
setting the rhs of Eq. (6.64) to be zero. For the sub-
horizon perturbations satisfying Kˆ ≫ 1, the homoge-
nous solution induces the rapid oscillation of the veloc-
ity potential with a frequency associated with the term
(1− c2t )ΩˆmKˆ2/(2c2t xˆ21).
For the theories with q = 0, as long as the homogenous
solution is initially suppressed relative to the special so-
lution, it was found in Ref. [55] that the perturbations
χ, ζ, and Vm in the JF stay nearly constant during the
scaling matter epoch. As we confirm later numerically,
this is also the case for q 6= 0. At the scaling fixed point
(d) with w = 0 and µ = µ1, the ratio Ωˆm/xˆ
2
1 is constant.
We consider the sub-horizon perturbations satisfying the
condition (1 − c2t )ΩˆmKˆ2/(2c2t xˆ21) ≫ |C2|. Then, the spe-
cial solution to Eq. (6.64) is given by
Vˆ (s)m ≃ −
[
χˆ+
√
6q
3xˆ1
(
χˆ+ ζˆ
)] 2c2t xˆ21
(1− c2t )Ωˆm
. (6.67)
Let us derive solutions along which ζˆ and χˆ stay nearly
constant in the scaling matter era. Setting ζˆ′ ≃ 0 and
χˆ′ ≃ 0 in Eqs. (6.59) and (6.60), respectively, we obtain
χˆ ≃ −3[1− c
2
t (1 −
√
6qxˆ1)]Ωˆm
2Kˆ2[3c2t xˆ21 + (1− c2t )ǫˆH ]
δˆm, (6.68)
ζˆ ≃ 3[(1 + ǫˆH)(1 − c
2
t ) + c
2
t xˆ1(3xˆ1 +
√
6q)]Ωˆm
2Kˆ2[3c2t xˆ21 + (1− c2t )ǫˆH ]
δˆm, (6.69)
Vˆ (s)m ≃
c2t xˆ1(3xˆ1 −
√
6qǫˆH)
Kˆ2[3c2t xˆ21 + (1− c2t )ǫˆH ]
δˆm, (6.70)
ˆδN
ˆ¯N
≃ − 3c
2
t xˆ1(3xˆ1 −
√
6qǫˆH)Ωˆm
2Kˆ2[3c2t xˆ21 + (1− c2t )ǫˆH ]
δˆm, (6.71)
where, in the denominators of Eqs. (6.68)-(6.71), we
have neglected the terms without containing Kˆ2. The
gravitational potentials Ψˆ and Φˆ, which are defined by
Eq. (4.43), obey
Φˆ = −Ψˆ ≃ 3Ωˆm
2Kˆ2 δˆm , (6.72)
which is equivalent to Eq. (5.30) with Eq. (5.28). Since
Aˆ3 = 0 for q1 = q2, the condition 2HˆM
2
pl/
ˆ¯N ≫ |Aˆ3,Nˆ |
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used for the derivation of Eq. (5.30) is automatically sat-
isfied.
Substituting Eqs. (6.68), (6.71), and (6.72) into
Eq. (6.53), we obtain
Ψˆg ≃ − 3
2Kˆ2 Ωˆmδˆm
[
1 + 2q2
+
(1− c2t )(
√
6xˆ1 + 2q)(
√
6xˆ1 − 2qǫˆH)
2{3c2t xˆ21 + (1 − c2t )ǫˆH}
]
, (6.73)
where xˆ1 =
√
6/[2(µ+ q)] and ǫˆH = 3µ/[2(µ+ q)] for the
fixed point (d) with w = 0. The effective gravitational
coupling Gˆeff during the scaling matter epoch reads
Gˆeff
G
≃ 1 + 2q2 + (1 − c
2
t )(
√
6xˆ1 + 2q)(
√
6xˆ1 − 2qǫˆH)
2{3c2t xˆ21 + (1− c2t )ǫˆH}
,
(6.74)
where the term 2q2 arises in BD theories after the con-
formal transformation to the EF [67]. The last term on
the rhs of Eq. (6.74) does not vanish for c2t different from
1. Since we are now considering the case where c2t is
constant, the variation of c2t does not appear in the ex-
pression of Eq. (6.74).
For the perturbations deep inside the Hubble radius,
the rhs of Eq. (5.19) can be neglected relative to the lhs
of it. Then, during the scaling matter era, the matter
perturbation obeys
δˆ′′m +
µ− 2q
2(µ+ q)
δˆ′m −
3
2
Gˆeff
G
Ωˆmδˆm ≃ 0 . (6.75)
Provided that µ ≫ q, there is a growing-mode solution
to Eq. (6.75),
δˆm ∝ aˆp, p = µ− 2q
4(µ+ q)
[√
1 +
24(µ+ q)2
(µ− 2q)2 gˆ − 1
]
,
(6.76)
and gˆ ≡ (Gˆeff/G)Ωˆm. For q/µ→ 0 and gˆ → 1, the mat-
ter density contrast evolves as δˆm ∝ aˆ. In this case, the
quantity (aˆHˆ)2δˆm, which appears in Eqs. (6.68)-(6.71),
remains constant, so the perturbations χˆ, ζˆ, Vˆ
(s)
m , and
ˆδN/ ˆ¯N do not vary in time.
For q 6= 0 and c2t 6= 1, the quantity gˆ is different from
1. As long as q ≪ 1 and µ ≫ q, the deviation of gˆ
from 1 is small, so the analytic formulas (6.68)-(6.71)
are approximately valid in the scaling matter era. The
perturbations χˆ and ζˆ start to vary after the Universe
enters the epoch of cosmic acceleration, in which regime
the analytic solutions (6.68)-(6.71) are no longer valid.
In Fig. 1 we plot the evolution of perturbations ζˆ, χˆ,
Vˆm, ˆδN/
ˆ¯N , and −Ψˆ (= Φˆ) for the model parameters
q = 0.1, c2t = 0.5, λ1 = 10, λ2 = 0.5, and V2/V1 =
10−6 (i.e., µ1 = 9.6, µ2 = 0.1, Vˆ2/Vˆ1 = 10
−6). The
background initial conditions are chosen to start from the
scaling matter fixed point (d), i.e., xˆ1 =
√
6/[2(µ1 + q)]
and xˆ2 =
√
(3 + 2q2 + 2qµ1)/[2(µ1 + q)2]. We choose
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Figure 1. Evolution of the perturbations ζˆ, χˆ, Vˆm, ˆδN/ ˆ¯N ,
and −Ψˆ in the EF versus the scale factor aˆ for the model
parameters q = 0.1, c2t = 0.5, λ1 = 10, λ2 = 0.5, and V2/V1 =
10−6. We choose the initial values of xˆ1 and xˆ2 to coincide
with those of the scaling fixed point (d) with w = 0 and q1 =
q2 = 0.1. The initial values of perturbations are chosen to be
ζˆ = 6.8407× 10−6, χˆ = −2.7513× 10−6, Vˆm = 3.5537× 10
−9,
δˆ = 2.5618 × 10−3, and Kˆ = 30 at aˆ = 2.0488 × 10−3, under
which the special solution (6.67) is the dominant contribution
to Vˆm.
the initial value of Vˆm close to the special solution (6.67)
with ζˆ′ ≃ 0 and χˆ′ ≃ 0 for the normalized wave number
Kˆ = 30.
All the perturbations shown in Fig. 1 stay nearly con-
stant during the scaling matter era. We also confirmed
that the analytic formulas (6.68)-(6.72) are in good agree-
ment with numerically integrated solutions in the scal-
ing regime. For sub-horizon perturbations (Kˆ ≫ 1),
the choice of different wave numbers k only modifies
the amplitudes of perturbations χˆ, ζˆ, Vˆ
(s)
m , and ˆδN/
ˆ¯N .
There is a simple relation ˆδN/ ˆ¯N = −(3Ωˆm/2)Vˆ (s)m from
Eqs. (6.70) and (6.71). The perturbations ˆδN/ ˆ¯N and
Vˆ
(s)
m are suppressed relative to χˆ and ζˆ because of the
conditions xˆ1 ≪ 1 and q ≪ 1. The Universe finally en-
ters the epoch of cosmic acceleration driven by the fixed
point (c) with µ2 = λ2 − 4q. As we see in Fig. 1, the
perturbations start to vary after the onset of cosmic ac-
celeration.
Numerically, we also compute the gravitational poten-
tial Ψˆg and the resulting effective gravitational coupling
Gˆeff from the definition (6.52). In Fig. 2 the evolution of
Gˆeff/G is plotted for four different values of q and c
2
t . We
confirmed that the analytic estimation (6.74) of Gˆeff is in
good agreement with the numerical result in the scaling
17
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Figure 2. Evolution of the effective gravitational coupling Gˆeff
normalized by the gravitational constant G in the EF for the
four cases: (i) q = 0, c2t = 0.5, (ii) q = 0.05, c
2
t = 0.5, (iii)
q = 0.1, c2t = 0.5, and (iv) q = 0.1, c
2
t = 0.99, with the model
parameters λ1 = 10, λ2 = 0.5, and V2/V1 = 10
−6. The initial
conditions are chosen in the same way as those explained in
the caption of Fig. 1.
matter regime. The growth of Gˆeff starts to occur after
the scaling matter era.
If we compare the cases (ii) and (iii) with the case (i)
in Fig. 2, we find that the existence of coupling q leads to
the value of Gˆeff/G smaller than that for q = 0. Provided
c2t is not close to 1, the analytic formula (6.74) implies
that Gˆeff/G approaches 1 in the limit where q ≫ xˆ1 and
xˆ1 ≪ 1. Hence, for a given value of c2t different from 1,
Gˆeff/G tends to decrease with increasing q. For larger
q, the variation of Gˆeff/G occurs at a later cosmological
epoch.
In the limit that c2t → 1, Eq. (6.74) reduces to the value
Gˆeff/G→ 1+2q2. The case (iv) in Fig. 2 is close to such
an example, in which case the variation of Gˆeff/G is small
even after the onset of cosmic acceleration. This property
can be clearly distinguished from the model with q = 0
and c2t 6= 1.
If we choose initial conditions where Vˆm is not close to
the special solution Vˆ
(s)
m , the homogenous solution Vˆ
(h)
m
gives rise to the oscillation of Vm. This oscillation con-
tinues by the time when the amplitude of Vˆ
(h)
m decreases
sufficiently relative to that of Vˆ
(s)
m . This situation is anal-
ogous to what was found for the case q = 0 [55].
2. Jordan frame
The evolution of perturbations in the EF can translate
to that in the JF by using the correspondence
χ =
c2t
1 + ωH
χˆ , ζ = ζˆ , Vm =
Vˆm
1 + ωH
,
δN =
ˆδN
ˆ¯N
, δ = δˆ , K = Kˆ1 + ωH
ct
, (6.77)
where K ≡ k/(aH) and ωH = −
√
6qxˆ1/(1+
√
6qxˆ1). The
gauge-invariant matter perturbation δm is related to δˆm,
as
δm = δˆm +
3ωH
1 + ωH
Vˆm . (6.78)
At the background level, we also have the relations (6.38)
and (6.40). Using the analytic solutions (6.68)-(6.71) in
the EF during the scaling matter era, the perturbations
χ, ζ, Vm, and δN in the JF can be expressed in terms of
δm, K, Ωm, c2t , x1, and ǫH .
The gravitational potentials Ψ and Φ are known from
Ψˆ, Φˆ, and χˆ by using Eqs. (6.57) and (6.58). Substituting
the solutions (6.68) and (6.72) into Eqs. (6.57) and (6.58)
in the scaling matter regime and employing the approx-
imation δˆm ≃ δm for the perturbations deep inside the
Hubble radius, it follows that
Ψ ≃ − 3[(1− c
2
t )ǫH(1 + 2ωH) + 3x
2
1 + ω
2
H ]
2K2[(1− c2t )(ǫH + ωH)(1 + ωH) + 3c2tx21]
Ωmδm , (6.79)
Φ ≃ 3[c
4
t (1 + 2ωH) + (1 + ωH){1 + ǫH + 2ωH − c2t (2 + ǫH + 3ωH)}+ 3c2tx21]
2c2tK2[(1− c2t )(ǫH + ωH)(1 + ωH) + 3c2tx21]
Ωmδm , (6.80)
η ≃ 1 + [(1− c
2
t )(1 + ǫH) + 2ωH ][1− c2t + ωH(1− 2c2t )]
c2t [(1− c2t )ǫH(1 + 2ωH) + 3x21 + ω2H ]
, (6.81)
Geff ≃ (1− c
2
t )ǫH(1 + 2ωH) + 3x
2
1 + ω
2
H
(1− c2t )(ǫH + ωH)(1 + ωH) + 3c2tx21
G
F1
, (6.82)
where ωH = −
√
6qx1 and x1 =
√
6/(2λ1) ≫ |ωH | for q ≪ 1. The perturbation χˆ induces the anisotropic stress
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Figure 3. The gravitational potentials −Ψ, Φ, and −Φeff =
(Φ − Ψ)/2 in the JF versus 1 + z = 1/a for the same model
parameters and initial conditions as those given in Fig. 1. The
present epoch (z = 0) is identified by the condition Ωm = 0.3.
The vertical dot-dashed line represents the onset at which the
cosmic acceleration (a¨ > 0) sets in (z ≃ 0.63). Numerically,
we integrate the background and perturbation equations in
the EF and then compute Ψ and Φ by using the transforma-
tion laws (6.57) and (6.58).
in the JF, so the anisotropy parameter η is different from
1.
In the limit c2t → 1, the formulas (6.79)-(6.82) give Ψ ≃
−3(1 + 2q2)Ωmδm/(2K2), Φ ≃ 3(1 − 2q2)Ωmδm/(2K2),
and
η ≃ 1− 2q
2
1 + 2q2
, (6.83)
Geff ≃ (1 + 2q2) G
F1
. (6.84)
In the limit q → 0 (i.e., ωH → 0), we use the approxi-
mations ǫH ≃ 3/2 and Ωm ≃ 1 during the scaling regime
and eliminate the term x21 on account of Eq. (6.6). This
process leads to
η ≃ 1 + 5(1− c
2
t )(c
2
s − c2t )
3c2t (1 + c
2
s − c2t )
, (6.85)
Geff ≃
(
1 +
1− c2t
c2s
)
G , (6.86)
which match those derived in Ref. [55] without referring
to the EF. Since c2s can be much greater than 1 for c
2
t ≪ 1,
the parameter η exhibits the large deviation from 1. In
this case, Geff is slightly larger than G.
If c2t 6= 1 and q 6= 0, the difference between the gravita-
tional potentials −Ψ and Φ depends on the magnitudes of
the terms 1− c2t and ωH . Provided |1− c2t | ≪ {|ωH |, x21},
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Figure 4. Evolution of f(z)σ8(z) versus the redshift z in the
JF for λ1 = 10, λ2 = 0.5, and V2/V1 = 10
−6. From the top
to the bottom, each curve corresponds to (i) q = 0, c2t = 0.5,
(ii) q = 0.05, c2t = 0.5, (iii) q = 0.1, c
2
t = 0.5, and (iv)
q = 0.1, c2t = 0.99, respectively. The initial conditions are
chosen in the similar way to those explained in the caption of
Fig. 1. For a given value of c2t ( 6= 1), the growth rate of mat-
ter perturbations tends to be smaller with increasing q due to
the decrease of Geff . The black points with error bars corre-
spond to the data from the recent observations of f(z)σ8(z)
by 2dFGRS [80], 6dFGRS [81], WiggleZ [82], SDSSLRG [83],
BOSSCMASS [84], and VIPERS [58] surveys.
the parameter η of Eq. (6.81) is close to the value (6.83),
whereas, for |1− c2t | ≫ {|ωH |, x21}, η is close to the value
(6.85).
In Fig. 3 we illustrate the evolution of −Ψ, Φ, and
−Φeff = (Φ − Ψ)/2 versus the redshift z in the JF for
c2t = 0.5, q = 0.1, and λ1 = 10. During the scaling matter
epoch, the gravitational potentials stay nearly constant.
Since |1−c2t | ≫ {|ωH |, x21} for the model parameters used
in the simulation of Fig. 3, we have that η ≃ 2.6 from
Eq. (6.85). This is in good agreement with the numer-
ical result of Fig. 3 in the scaling matter regime. The
gravitational potentials start to decrease after the onset
of cosmic acceleration, but −Ψ shows temporal growth
in the future because of the increase of Geff (see the case
(iii) in Fig. 2). Finally, the Universe enters the attractor
regime in which all of −Ψ, Φ, and −Φeff decrease in a
similar way.
In Fig. 4 we plot the evolution of f(z)σ8(z) in the
low-redshift regime for four different values of q and c2t
(corresponding to those used in Fig. 2), where f(z) =
δ˙m/(Hδm) and σ8(z) is the rms amplitude of over-density
at the comoving 8h−1 Mpc scale (h is the normalized
Hubble parameter H0 = 100 h km sec
−1Mpc−1). This
quantity is associated with the observations of red-space
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distortions in galaxy clusterings. Note that the growth
rate f(z)σ8(z) can be also measured by using only the
peculiar motions of galaxies in the low redshift [85, 86].
The initial condition of δm is chosen such that its am-
plitude today is equivalent to σ8(0) = 0.82 [87]. During
the scaling matter era, we have numerically checked that
Geff is well described by Eq. (6.82). When q = 0 and
c2t = 0.5 we have Geff ≃ 1.03G from Eq. (6.86), whereas,
for q = 0.1 and c2t ≃ 1, Geff ≃ 1.02G/F1 from Eq. (6.84).
For larger q with a given value of c2t (6= 1), the onset
of growth of Geff occurs at later cosmological epochs. In
fact, Fig. 4 shows that the values of f(z)σ8(z) for c
2
t = 0.5
tend to be smaller with increasing q in the low-redshift
regime. For c2t close to 1, the variation of Geff is small
by the present epoch (see Fig. 2). In this case, Geff is
approximately given by Eq. (6.84) even around today.
In Fig. 4 we also plot the recent data of f(z)σ8(z)
constrained by the redshift-space distortion (RSD) mea-
surements. Using the bound on σ8(0) from the Planck
data [87], the RSD data tend to favor the growth rate of
δm lower than that predicted by GR [57]. In Fig. 4, such
a property can be also observed in our model where Geff
is slightly larger than G. The recent 6dF galaxy surveys
using only the peculiar motions of galaxies provided the
constraint f(0)σ8(0) = 0.415± 0.065, which is consistent
with the four cases shown in Fig. 4. It remains to see
how future RSD and peculiar velocity measurements will
pin down the error bars of f(z)σ8(z).
We have thus clarified the evolution of observables as-
sociated with the measurements of CMB, redshift-space
distortions, and weak lensing by transforming back from
the EF to the JF. Since the EFTCAMB code [88] for
modified gravity theories is written in the JF, our re-
sults in this section can be used to place observational
constraints on the model (5.22) with the functions (6.1).
Since the staring point of coupled scalar-field models (in-
cluding coupled quintessence [67], chameleons [6], and
disformally coupled models [31]-[34]) is usually assumed
to be the EF, our analysis in the EF is also useful to con-
strain coupled dark energy models with c2t different from
1. We leave observational constraints on such models for
a future work.
VII. CONCLUSIONS
In the presence of matter, we have studied cosmological
disformal transformations in a generalized class of Horn-
deski theories (GLPV theories). In these theories there
is one propagating scalar degree of freedom φ coupled to
the metric gµν in the JF on the flat FLRW background.
Even if matter is minimally coupled to gravity in the
JF, the matter sector feels the modification of gravity
through the change of gravitational potentials mediated
by the field φ.
The structure of the Lagrangian in GLPV theories,
which is given by Eq. (2.4) in the unitary gauge, is pre-
served under the disformal transformation (1.1), while
the matter Lagrangian contains a coupling with the field
φ and its derivatives in the transformed frame. Thus,
the matter-scalar interaction becomes explicit after the
disformal transformation. In Sec. III we clarified how
the energy-momentum tensor of matter and associated
background/perturbed quantities are mapped under the
disformal transformation.
In Sec. IV we have derived the background and lin-
ear perturbation equations of motion in both the JF and
the transformed frame. In the transformed frame, the
coupling Q in Eq. (4.36) arises for the matter continuity
Eq. (4.35) at the background level. The matter perturba-
tion Eq. (4.13) in the JF is also transformed to the more
involved Eq. (4.41) due to the matter-scalar interaction,
while the structure of other perturbation equations is not
subject to change.
In Sec. V we discussed the transformation from the JF
to the EF in which the second-order action of tensor per-
turbations is of the same form as that in GR. Under the
choice (5.5) of the factors Ω and Γ, the Bardeen poten-
tials Ψˆ and Φˆ in the EF obey the “de-mixed” relation
(5.16). If the action in the EF belongs to a class of Horn-
deski theories (αˆH = 0), there is no anisotropic stress
between Ψˆ and Φˆ.
The non-relativistic matter density contrast δˆm obeys
the differential Eq. (5.19) in the EF, where Ψˆg is the
effective gravitational potential given by Eq. (5.20). In
the EF, it becomes transparent that the variations of
Ω and Ct as well as the deviation of C2t from 1 lead to
the modification of gravitational interactions with matter
perturbations. The gravitational potential Ψ in the JF
is simply related to Ψˆg, as Ψ = C2t Ψˆg.
In Sec. VI we proposed a concrete model of dark en-
ergy in which the coupling between matter and the scalar
degree of freedom φ is manifest after the disformal trans-
formation to the EF. For the field potential (6.8) with
λ1 & 10 and λ2 . 1, there exist scaling solutions corre-
sponding to radiation and matter eras followed by an at-
tractor with the cosmic acceleration. At the background
level, the disformal transformation to the EF gives rise
to the term q2 associated with the function B4, but we
showed that the stability of fixed points is independent of
q2. This reflects the fact that the background equations
in the JF do not contain the function B4.
We also studied the evolution of linear cosmological
perturbations from the matter era to today for the case
q1 = q2. In the EF we derived the second-order equation
of the velocity potential Vˆm and identified the special so-
lution Vˆ
(s)
m on scales deep inside the Hubble radius. For
the initial conditions satisfying |Vˆ (s)m | ≫ |Vˆ (h)m |, we ob-
tained analytic solutions of perturbations where ζˆ and χˆ
stay nearly constant. On using these solutions, we de-
rived the effective gravitational potential Ψˆg of the form
(6.73) during the scaling matter era. The coupling q and
the deviation of c2t from 1 lead to the gravitational cou-
pling Gˆeff modified from that in GR.
Once the evolution of perturbations is known in the
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EF, it is straightforward to transform it back to that
in the JF by using the correspondence (6.57)-(6.58) and
(6.77)-(6.78). While Φˆ = −Ψˆ in the EF for the La-
grangian (5.27), the field χˆ generates the anisotropic
stress in the JF such that η = −Φ/Ψ 6= 1. For sub-
horizon perturbations the effective gravitational coupling
Geff in the JF is related to Gˆeff in the EF as Geff ≃
Gˆeff/F1, so the growth rate of matter perturbations in
the JF is known accordingly.
We have analytically estimated η and Geff during the
scaling matter era and confirmed that they are in good
agreement with numerical results before the onset of cos-
mic acceleration. We also numerically computed the evo-
lution of f(z)σ8(z) by transforming back from the EF to
the JF. As we see in Fig. 4, it is possible to distinguish
between the models with different values of q and c2t ob-
servationally.
We have thus shown that the disformal transformation
is useful for understanding gravitational interactions with
matter mediated by the scalar field. After transforming
to the EF, the background and perturbation dynamics
in the JF are readily known by using the correspondence
of physical quantities between the two frames. We can
apply our results to observational constraints on dark en-
ergy models in the framework of GLPV theories. More-
over, our analysis in the EF is useful for constraining
coupled dark energy models in which the starting point
is the EF Lagrangian with matter-scalar couplings.
While we focused on the cosmological set up, it is of
interest to extend the disformal transformation to gen-
eral space-time including the spherically symmetric back-
ground. This should help us to understand the nature of
matter-scalar couplings in local regions of the Universe.
In particular, the derivation of the effective gravitational
coupling around a compact body (like the Sun) will be
important to place constraints on theories beyond Horn-
deski from local gravity experiments.
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Appendix A: Correspondence between the two
frames
We show relations for the quantities connected through
the disformal transformation. The background quantities
are transformed as
ˆ¯N = α¯N¯ , Hˆ =
1
α¯
(
H +
ω
N¯
)
,
Fˆ = F
Ω3
, ˆ¯L =
1
Ω3α¯
L¯ ,
ˆ¯NLˆ,Nˆ =
β¯
Ω3
[
L¯+ N¯L,N − 3HF
− 1
α¯β¯
(
L¯− 3HF − 3ωF
N¯
)]
. (A1)
For the quantities associated with perturbations, we have
Wˆ = β¯
Ω3
W , Lˆ,Sˆ =
α¯
Ω3
L,S , Yˆ = 1
α¯Ω3
Y ,
Eˆ = 1
Ωα¯
E , ˆ¯NDˆ + Eˆ = β¯
Ω
(
N¯D + E) ,
2Lˆ,Nˆ +
ˆ¯NL,NˆNˆ − 6HˆWˆ +
12Lˆ,SˆHˆ
2
ˆ¯N
,
=
β¯2
Ω3
(
2L,N + N¯L,NN − 6HW + 12L,SH
2
N¯
)
+
νβ¯ρ
Ω3
.
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